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Measurements of angular correlations between initial and final particles in β decay remain one of
the most promising ways of probing the Standard Model and looking for new physics. As experiments
reach unprecedented precision well into the per-mille regime, proper extraction of results requires one
to take into account a great number of nuclear structure and radiative corrections in a procedure
which becomes dependent upon the experimental geometry. We provide here a compilation and
update of theoretical results which describe all corrections in the same conceptual framework, point
out pitfalls and review the influence of the experimental geometry. Finally, we summarize the
potential for new physics reach.
I. INTRODUCTION
Precision measurements of (nuclear) β decay observ-
ables have to a significant extent defined the current sta-
tus of the electroweak sector of the Standard Model [1–4].
Additionally, they are one of several promising and com-
plementary pathways of finding and studying possible ex-
tensions to the latter in a theoretically relatively clean
environment [5]. In particular, due to the low energy
transfers available in nuclear decays (Qβ . 10 MeV),
many of the intricacies contained in the Standard Model
are limited to higher-order effects and typically serve only
to renormalize a number of coupling constants while leav-
ing the bulk of the kinematic structure untouched. This
is to the benefit of measurements of angular correlations
between initial and/or final states as these are by defini-
tion relative effects, and generally do not require knowl-
edge of all details of the decay distribution. Likewise,
their measurement is experimentally promising as their
relative nature allows for the cancellation of many oth-
erwise dominant systematic uncertainties. Over the past
decades, intense study in the neutron [6–9] and mirror
systems [10, 11] have helped constrain and probe CKM
universality and the presence of exotic scalar and tensor
currents at a competitive level with those obtained from
the LHC [12–14]. Already at the current experimental
precision, however, several sources of theoretical higher-
order input are required. We report here on a consistent
description of the required corrections that experimen-
tal analyses need to take into account as the precision
reaches and exceeds the per-mille level. While several of
these results can be found in the literature, we argue that
it is beneficial to put these results together in a compre-
hensive format as experimental analyses do not appear
to be treated uniformly in the literature. This can lead
to a incorrect comparison between different experimental
results which in turn weakens their impact.
∗ Corresponding author: lmhayen@ncsu.edu
To leading order, exotic scalar or tensor currents in
the weak interaction typically manifest themselves in the
appearance of the so-called Fierz interference term, bF .
It modifies the total β decay rate through a multiplicative
factor
dΓ
dWe
=
dΓSM
dWe
[
1 + bF
me
We
]
, (1)
where dΓSM is the Standard model differential decay rate
with We the total β particle energy. In the more mod-
ern language of β decay effective field theories (EFT), it
depends on new couplings  according to [14–17]
bF = ±2γ 1
1 + ρ2
× Re
{
gSS
gV (1 + L + R)
+ ρ2
4gT T
−gA(1 + L − R)
}
, (2)
where the upper (lower) sign corresponds to β− (β+)
decay, γ =
√
1− (αZ)2, gA is defined as positive and all
i correspond to effective couplings arising due to new
physics, with i ∼ (MW /Λ)2, with MW the mass of the
W boson and Λ the scale of new physics. Per definition,
ΛMW and is typically at least of order TeV assuming
naturalness arguments. The form factors are defined as
gi = 〈p|u¯Oid|n〉, where gS = 0.97(13) and gT = 0.987(55)
are calculated on the lattice [18].
Two correlations stand out from both an experimen-
tal and theoretical point of view. The first is the β-
asymmetry (Aβ), from which the discovery of parity vi-
olation was made [19], while the second is the β-ν (aβν)
correlation, which helped solidify the V -A structure of
the weak interaction [20, 21]. In an experimental setting
one typically defines the differential decay rate according
to their zeroth-order expressions
dΓSM
dWedΩedΩν
= dΓ0
[
1 +AβPβJˆ · ~pe + aβν ~pe · ~pν
WeWν
]
(3)
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2where the isotropic decay rate is [22]
dΓ0 =
G2F
2pi3
F0L0C(We)g(We,W0)
×K(We,W0)peWe(W0 −We)2. (4)
Here Jˆ is a unit vector along the initial polarization,
P = 〈M〉/J is the effective polarization, We and W0 are
the β particle total energy and endpoint energy in units of
the electron rest mass, respectively, ~pe(ν) are the electron
(antineutrino) three-momenta, and β = pe/We = v/c is
the β-particle velocity. Additionally, GF ≈ 10−5m−2p is
the Fermi constant, F0L0 is the Fermi function, C(W )
is the spin-independent shape factor, g(We,W0) is the
well-known O(α) energy-dependent radiative correction
by Sirlin, K(We,W0) correspond to higher-order correc-
tions of varying nature and pW (W0 −W )2 is the phase
space factors [22].
Naturally, correlations like those in Eq. (3) contain
different higher-order corrections due to their differing
kinematic signature. As a result, Eq. (3) describes effec-
tive correlations with several sub-dominant effects folded
in. Some of these originate from nuclear structure, while
others come about through electroweak radiative correc-
tions or kinematic recoil. Additionally, like the appear-
ance of the Fierz term, exotic scalar or tensor currents
modify the effective values of Aβ and aβν [23]. Both
of these, however, depend only quadratically on exotic
couplings so that their measurement obtains new physics
sensitivity mainly from the appearance of the Fierz term.
Because of this, measurements are typically interpreted
in terms of an effective correlation (cf. Eq. (1))
X˜ =
X
1 + bF 〈me/We〉 (5)
where X is any correlation coefficient, and 〈me/We〉 is
the average of the me/We term weighted by the spectrum
(Eq. (4)) over the experimental range. We already note
that the validity of Eq. (5) depends on the experimental
scheme, in particular for the β-ν correlation. This was
the topic of Ref. [24] and will be reiterated below.
The paper is organized as follows. In Sec. II we pro-
vide the necessary theory input to calculate the Standard
Model β correlations to high precision, with corrections
from nuclear structure, kinematics and radiative correc-
tions. Sec. III discusses simplifications in mirror systems
and the benefit of near-cancellation for sensitivity to ρ,
the Fermi to Gamow-Teller mixing ratio. Precise mea-
surements of the latter are additionally an ingredient in
the determination of |Vud|. Further, we discuss the way
real experimental analyses are complicated due to a va-
riety of effects in Sec. IV. Finally, we discuss the new
physics potential and sensitivity arising from precision
measurements of β decay correlations. We attach several
appendices treating kinematic recoil corrections typically
neglected in multipole formalisms and provide compar-
isons to other popular formalisms.
II. GENERAL THREE-BODY DECAY RATE
We initiate our discussion through a definition of the
general decay rate based on angular momentum conser-
vation and the symmetries of the electroweak interaction.
While several first-order expressions are available in the
literature, in particular for the neutron [25–27], we are
mainly interested here in arbitrary spin changes. We first
provide the general expression to lay the foundation for
our discussion, and provide its rationale in the following
section.
The general three-body β decay rate summed over the
helicities of the final states can then be written as
dΓ =
G2F
2pi3
F0L0K(We,W0)peWe(W0 −We)2
×
f0 +∑
k≥1
fβνk Pk(cos θβν) +Gk(Ji)
{
fσek Pk(cos θe)
+ fσνk Pk(cos θν) + f
σ×
k Pk(cos θ×)
}
+ higher orders
]
dWedΩedΩν , (6)
where Gk is a polarization tensor of rank k of the initial
state, Pk(cos θ) a Legendre polynomial of degree k, f0 is
the isotropic shape factor and K(We,W0) common cor-
rections [22]. The ‘higher orders’ in Eq. (6) stands for
correlations involving more exotic combinations of mo-
menta and higher powers (see, e.g., Ref. [27–29]), which
we neglect here. The angles are defined as follows
cos θβν =
~pe · ~pν
|~pe||~pν | , cos θe =
Jˆ · ~pe
|~pe| ,
cos θν =
Jˆ · ~pν
|~pν | , cos θ× =
Jˆ · (~pe × ~pν)
|~pe||~pν | . (7)
Comparing to Eq. (3), or more generally to the Jackson-
Treiman-Wyld (JTW) categorization [23], one can rec-
ognize the usual asymmetries when limiting ourselves
to k = 1. Specifically, the ratio of spectral functions
f ik/f0 reduce to the well-known expressions of the β cor-
relations, with fβν1 /f0 the β-ν correlation (aβν), G1 =
〈M〉/J = P and fσe1 /f0, fσν1 /f0, and fσ×1 /f0 the β-
asymmetry (Aβ), ν-asymmetry (Bν), and triple corre-
lation (D), respectively.
A. Nuclear structure and kinematics
All of the spectral functions of Eq. (6) depend on a
combination of nuclear structure and QED corrections
folded in together. Taking for now only the O(αZ), low-
energy part of the virtual photon exchange (i.e. the
Coulomb interaction), the matrix element for β decay
can then be written down in a simple quantum mechanics
3picture with initial and final state interaction as [30, 31]
M = −2piiδ(Ef − Ei)〈f |T
[
exp
(
−i
∫ ∞
0
dtHZf (t)
)]
×Hβ(0)T
[
exp
(
−i
∫ 0
−∞
dtHZi(t)
)]
|i〉 (8)
with T the time-ordered product, HZ the Hamiltonian
density describing the Coulomb interaction and
Hβ(0) = GF√
2
VudHµ(0)L
µ(0) (9)
is the Fermi current-current description of β decay, with
Lµ = u¯(pe)γ
µ(1−γ5)v(pν) the lepton current. Regardless
of the description of the hadronic current, Hµ, it is intu-
itively clear from Eq. (8) that the final result depends on
a convolution of the initial and final nuclear wave func-
tions with the lepton current,all of which are modified be-
cause of the Coulomb interaction. Electroweak radiative
corrections beyond the Coulomb interaction depend only
at higher orders (O(αnZn−1) for n > 1) on details of the
nuclear wave functions [22, 32–35], and will be discussed
in further detail in Sec. II B for angular correlations.
In the simplest case of the Ji = 1/2 to Jf = 1/2 tran-
sition of an elementary particle, such as the decay of the
neutron, Hµ can be written down explicitly
Hµ = iu¯(pf )
{
gV γµ + i
g˜M
2M
σµνq
ν +
g˜S
2M
qµ
−gAγµγ5 + i g˜T
2M
σµνq
νγ5 +
g˜P
2M
qµγ
5
}
u(pi) (10)
from the requirement of Lorentz-invariance and initial
and final spinors being on-shell. Here all gi(q
2) are di-
mensionless form factors and a function of q2 = (pf−pi)2,
σµν =
i
2 [γµ, γν ] and M is the nucleon mass. The absence
of second-class currents and the conserved vector cur-
rent (CVC) hypothesis requires g˜S = g˜T = 0. Addition-
ally, the application of CVC together with the Ademollo-
Gatto theorem [36] sets gV = 1 up to corrections of
(q/M)4. CVC further allows for the interchange of weak
and electromagnetic form factors. For example, for the
neutron one can set g˜M = µp−µn = 3.706, where µp,n are
the anomalous magnetic moment of proton and neutron,
respectively. Finally, the partially conserved axial cur-
rent relates gA and g˜P through the Goldberger-Treiman
relation
g˜P (q
2) = −gA(0) (2M)
2
m2pi − q2
(11)
assuming pion-pole dominance. In the limit of zero mo-
mentum transfer (as is appropriate in β decay) one ob-
tains g˜P ≈ −2291. In this simple system then, one is left
1 While the large magnitude of g˜P offsets somewhat the strong
attenuation of the pseudoscalar matrix element, 〈p|γ5|n〉 ∼
(vn/c)2, its influence is felt only at the 10−4 level. In the case
of strong cancellations, however, this can become relevant (see
App. B).
with only a single independent form factor, gA(q
2), to be
determined either from experiment or from lattice QCD
[18, 37].
In order to generalize Eq. (10), several options have
been explored in the literature. Almost all of these were
developed half a century ago using the so-called elemen-
tary particle approach [31, 38, 39], using form factors cou-
pled to specific angular momentum operators2. Because
of the small number of dominant operators in allowed β
decay, Holstein expanded the scalar product of Eq. (9)
into a manifestly covariant form similar in spirit to Eq.
(10). While this has some clear advantages, it does not
generalize well to arbitrary spin-parity changes and the
Coulomb interaction has to be put in post-hoc. The sec-
ond option takes inspiration from multipole decomposi-
tions in classical electrodynamics. Already in the 1960’s
it was shown that a Lorentz-invariant decomposition of a
four-current exists [40], which becomes particularly sim-
ple in the Breit frame, where ~pi = −~pf . The ramifications
of choosing the Breit frame are discussed in Appendix C,
and are related to the appearance of kinematical recoil
corrections. The time component of Eq. (10) can, e.g.,
be written as [41]
H0 =
∑
LM
CJiJf ;Lmimf ;MYML (qˆ)
(qR)L
(2l + 1)!!
FL(q
2), (12)
where C contains a Wigner-3j symbol, Y LM is a spherical
harmonic and R is the nuclear radius so that qR  1.
Combining Eq. (12) with a multipole decomposition of
the lepton current, Lµ, the matrix element of Eq. (8)
can be calculated systematically for any spin-parity tran-
sition using spherical tensor algebra. As a consequence,
in the analysis one never finds only a single term propor-
tional to some cos θ, but rather a Legendre polynomial
Pl(cos θ), where each l couples to a spherical tensor op-
erator (and form factor) of rank l. The result is Eq. (6),
where each spectral function fi is a combination of form
factors.
In what follows, we will provide an outline of the calcu-
lation and report on the final results. All nuclear struc-
ture corrections were calculated in the Behrens-Bu¨hring
formalism [31] and reported here using a shorthand no-
tation explained in Appendix A. Kinematic recoil correc-
tions were obtained following the discussion in Appendix
C. Sec. III discusses some qualitative results for experi-
mentally interesting cases.
2 Final expressions obtained this way are somewhat unsurprisingly
very similar to those obtained by more modern EFT techniques.
In that sense, using form factors near zero momentum with, e.g.,
a dipole formulation can be considered the phenomenological
analog of separation of scales and the appearance of low-energy
constants in current EFTs.
41. Isotropic spectral function
Since it normalizes the spectrum and thus appears in
every β-correlation, we start with the isotropic spectral
function, f0. Together with the prefactors defined in Eq.
(6), this is simply the β spectrum when no other vari-
ables are measured. The isotropic spectral function was
studied in great detail in Ref. [22] in the context of β-
spectrum measurements aimed at directly measuring the
Fierz term energy-dependence of Eq. (1), and we simply
write the general result
f0 = V
2
0
V C(We)
VRN (We,M)
+A210
AC(We)
ARN (We,M), (13)
where C(We) is the so-called shape factor and RN cap-
tures the kinematic recoil corrections from a decay with
nuclear mass M (see also Appendix C). The dominant
form factors in Eq. (13) reduce to the well-known ex-
pressions at zeroth order, with
V0 ≡ V F000(q2 = 0) ' gVMF (14a)
A10 ≡ AF101(q2 = 0) ' −gAMGT (14b)
where MF (MGT ) is the Fermi (Gamow-Teller) matrix
element. Since the shape factor is 1 +O(10−2), and the
kinematic recoil corrections are at most O(10−3), to lead-
ing order (LO) we have
fLO0 = |gVMF |2 + |gAMGT |2 +O(10−2), (15)
with the percent-order corrections arising from finite size
corrections and induced currents [22].
2. β-Asymmetry
Following the discussion on Eqs. (3) and (6), we define
an effective β-asymmetry according to
AβPβ cos θe ∼=
∑
k≥1
Gk(Ji)
fσek
f0
Pk(cos θe), (16)
where we note an approximate equivalence to stress the
fact that the angular structure is different in both sides.
In the simplest case where k = 1, the polarization tensor
is simply G1 = 〈Mi〉/Ji and P1(cos θe) = cos θe. After
some tedious algebra we find
fσe1 =
√
6Ji
Ji + 1
Λ1(We)β
[
S1A210 ±
√
2/3V0A10
+α01 + α
1
1We + α
2
1W
2
e
]
(17)
where the upper (lower) sign refers to β− (β+), S1 is a
spin-coupling coefficient, all the αi1 are of order O(10−2)
and are listed in full in Appendix B. The factor Λ1(We)
in Eq. (17) is a type of Coulomb function originally de-
fined by Behrens and Ja¨necke [42] which is O(1) and
not present in most other formalisms [39]. It was cal-
culated numerically long ago [42], and shows deviations
from unity only at the few 10−4 level for energies below
a few MeV. At the current and future level of precision,
however, its influence can already be felt.
Analogous to Eq. (15), we can write fσe1 to leading
order to find
fσe1 ∼ ∓
√
6Ji
Ji + 1
β
(
S1A210 ±
√
2/3V0A10
)
+O(10−2).
(18)
Extracting now a factor V 20 from both f0 and f
σe
1 and
defining the Fermi to Gamow-Teller mixing ratio (see Sec.
III and Appendix B)
ρ ≡ A10
V0
' −gAMGT
gVMF , (19)
(taking gA positive as before) we recover the usual
leading-order result for the β-asymmetry [43],
ALOβ = ∓
√
6Ji
Ji + 1
S1ρ2 ±
√
2/3 ρ
1 + ρ2
. (20)
For J → J transitions we have S1 = {6J(J + 1)}−1/2
(Appendix B), so that for J = 1/2 transitions one recov-
ers the usual result,
ALOβ
J=1/2
= ∓ 2√
3
ρ2/
√
3± ρ
1 + ρ2
. (21)
The next spectral function, fσe2 , typically denoted by
the ‘anisotropy’, can similarly be calculated. Following
the spherical tensor algebra, it couples with the polariza-
tion tensor of rank 2
G2(Ji) =
1
J2i
[
〈M2i 〉 −
1
3
Ji(Ji + 1)
]
. (22)
The anisotropy is then
fσe2 = (peR)βν12S2
[
α02 + α
1
2We
]
(23)
where once again all αi2 are O(10−2), and ν12 = 1 +
O{(αZ)2} another Coulomb function [31, 42]. The pref-
actor (peR) . 0.1 sets the overall magnitude of the cor-
rection as being at most a few 10−3 effect depending on
G2. Since the Legendre polynomial is, however,
P2(cos θe) =
1
2
(3 cos2 θe − 1) (24)
the influence of fσe2 depends on potential cancellations in
fσe1 and on the experimental geometry and solid angle.
We will get back to this in Sec. III and IV.
53. β-ν Correlation
Analogously to Eq. (16) we define the effective β-ν
correlation coefficient as
aβνβ cos θβν ∼=
∑
k≥1
fβνk
f0
Pk(cos θβν) (25)
where like the β-asymmetry the r.h.s. has a richer struc-
ture than the traditional l.h.s. The first order result for
k = 1 can similarly be found
fβν1 = βΛ1
[
V 20 −
1
3
A210 + α˜
0
1 + α˜
1
1W + α˜
2
1W
2
]
(26)
where it is well-known that no vector-axial vector cross
terms appear like in Eq. (17). Likewise, all α˜i1 are
O(10−2) and are listed in Appendix B. In the same spirit,
it is well-known [39] that α˜i1 contains a smaller set of
induced currents than, for example, α01, such as the so-
called induced tensor form factor.
Similarly to Eqs. (15) and (18), the LO behavior of
fβν1 is
fβν1 ∼ β
(
|gVMF |2 − 1
3
|gAMGT |2
)
+O(10−2), (27)
so that the LO β-ν asymmetry is the well-known expres-
sion
aLOβν =
1− 13ρ2
1 + ρ2
. (28)
The anisotropy in the β-ν correlation can likewise be
calculated
fβν2 = β(peR)[α˜
0
2 + α˜
1
2We] (29)
and where once again all α˜i2 are of order O(10−2), mak-
ing this at most a few 10−3 effect with the same angular
structure as Eq. (24) and sensitivity as discussed be-
fore for the β-asymmetry. Note that from symmetry re-
quirements, fβν2 contains no nuclear form factors, and is
instead only a kinematic feature arising from the three-
body decay (see also Ref. [27]).
B. Radiative corrections
In using Eq. (8) we have only taken into account the
Coulomb interaction, i.e., the large-wavelength behaviour
of the of virtual photon exchanges between initial and fi-
nal states. That is not the only O(α) correction that
shows up, however, which are more generally known as
electroweak radiative corrections. The topic of radia-
tive corrections has a rich history which lies at the heart
of our current understanding of electroweak interactions
and the Standard Model, and has been reviewed in sev-
eral excellent works [3, 44]. Instead, we shall again be
brief, and only summarize results available in the litera-
ture.
The order α photonic radiative corrections are the re-
sult of three processes: (i) virtual photon exchange be-
tween initial and final states, (ii) real photon emission
from external lines, and (iii) wave function renormal-
ization of the external legs. The results of these pro-
cesses have typically been calculated in the way pro-
posed by Sirlin [45], with a separation of the processes
according to photon momentum. It was shown that a
relatively clean, gauge-invariant separation could be ob-
tained between contributions for high photon momentum
(k  pe), resulting in a renormalization of the coupling
constants [45]
gV → g′V ≡ gV
(
1 +
α
2pi
c
)
(30a)
gA → g′A ≡ gA
(
1 +
α
2pi
d
)
(30b)
(known as the inner radiative correction, ∆
V (A)
R =
α/pic(d) [35, 46, 47]) and those at low photon momen-
tum (k ≤ pe) with a dependence on final state kinemat-
ics (known as the outer radiative corrections, δR(We))
[22, 45, 48]. This is possible because results are domi-
nated by either infrared divergences (δR) or high-energy
( me) electroweak and strong physics3 (∆V,AR ). Practi-
cally all other calculations have been constructed in the
same way [50–53].
In terms of these renormalized coupling constants, the
kinematic structure of the radiative corrections can be
written down for the lowest order results
dΓ ≈ dΓ0
[
f ′0
(
1 +
α
2pi
g
)
+ fβν′1
(
1 +
α
2pi
h
)
cos θβν
+ P
{
fσe′1
(
1 +
α
2pi
h
)
cos θe + f
σν′
1
(
1 +
α
2pi
g
)
cos θν
+ fσ×′1 cos θ×
}
+
∑
k≥2
f i′k
]
dWedΩedΩν (31)
where all primed f ′k correspond to the usual expressions,
but using the renormalized coupling constants of Eqs.
(30a) and (30b), and the outer radiative corrections are
well known [50, 51]
g(We,W0) = 3 logMp − 3
4
+
4
β
L
(
2β
1 + β
)
+ 4
(
tanh−1 β
β
− 1
)[
W0 −We
3We
− 3
2
+ ln[2(W0 −We)]
]
+
tanh−1 β
β
[
2(1 + β2) +
(W0 −We)2
6W 2e
− 4 tanh−1 β
]
(32)
3 The notable exception is, of course, the γW box which is also
sensitive to physics at the nuclear scale. For the purpose of this
discussion, however, we consider it fully part of ∆R (see Ref.
[49]).
6and
h(We,W0) = 3 logMp − 3
4
+
4
β
L
(
2β
1 + β
)
+ 4
(
tanh−1 β
β
− 1
)[
ln[2(W0 −We)]− 3
2
+
W0 −We
3Weβ2
+
(W0 −We)2
24W 2e β
2
]
+
4
β
tanh−1 β(1− tanh−1 β) (33)
where L(x) =
∫ x
0
(log(1 − t)/t)dt is the Spence function
and Mp is the mass of the proton. It is well-known that
the triple correlation, fσ×1 , contains no outer radiative
corrections [54]. We have neglected additional outer ra-
diative corrections to higher-order terms, as they would
constitute only a O(α/2pi) ∼ 10−3 shift on top of an
already small effect (see Eqs. (23) and (29)), but for
consistency treat them using the renormalized coupling
constants.
The measurement of a β correlation has the particu-
lar advantage of being sensitive only to the relative dif-
ferences between the isotropic and correlation spectral
functions. As a consequence, at first sight there is no ad-
ditional kinematic structure arising from radiative correc-
tions to the ν-asymmetry (Bν), while the β-asymmetry
(Aβ) and β-ν correlation (aβν) are modified by
R ≡ 1 +
α
2pih
1 + α2pi g
≈ 1 + α
2pi
{
(1− β2)4(W0 −We)
3Weβ2
(
β−1 tanh−1 β − 1)
+
(W0 −We)2
6W 2e β
2
[
(1− β2)β−1 tanh−1−1]
+ 2(1− β2)β−1 tanh−1 β
}
. (34)
It is interesting to note that as β → 1 the difference
between g and h reduces to a single term in the second
line. In the case of the neutron, this has been numerically
estimated by Fukugita and Kubota [55]
R ≈ 1 + (−1.63 + 4.11W−1e + 0.236We) · 10−3. (35)
Figure 1 shows the different radiative corrections and
their ratio for two β transitions with a 1 and 3 MeV
endpoint. Interesting to note that is that R > 1 and the
slope becomes stronger at low energy for lower endpoint
energies. Finally, the limiting β → 1 behavior coincides
with the expectations.
Experimentally, however, not all of these results are ap-
plicable. Whenever a correlation with the (anti)neutrino
is measured, the situation is not as clear-cut as one typi-
cally measures the nuclear recoil rather than the emitted
(anti)neutrino. As a consequence, for an extraction of
aβν and Bν from experiment it is typically not appro-
priate to use the above expressions. We will discuss this
further in Sec. IV.
0.975
1.000
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1 + 2 g
1 + 2 h
0.0 0.5 1.0 1.5 2.0 2.5 3.0
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E0 = 1 MeV
Figure 1. Radiative corrections due to g (Eq. (32)), h (Eq.
(33)) and their ratio, R (Eq. (34)) for two different endpoint
energies.
III. MIRROR DECAYS AS A TESTING
GROUND
The previous section summarized the required theo-
retical input arising from nuclear structure and radiative
corrections. In all measurements of aforementioned cor-
relations the largest unconstrained parameter for a mixed
(J → J , J > 0) is the mixing ratio, ρ, traditionally de-
fined as [10, 11]
ρ =
A10
V0
[
1 + ∆AR
1 + ∆VR
]1/2
≈ gAM
0
GT
gVM0F
[
(1 + δANS − δAC)(1 + ∆AR)
(1 + δVNS − δVC )(1 + ∆VR)
]1/2
(36)
where δNS(C) are nuclear structure and isospin breaking
corrections to the Fermi (F ) and Gamow-Teller (GT ) ma-
trix elements in the limit of isospin symmetry, denoted
by the “0” superscript. [56]. The latter are typically as-
sumed to be equal for axial and vector parts, meaning
experiments measure the ratio of many-body matrix el-
ements and renormalized coupling constants. Note that
we have also neglected the presence of second-class cur-
rents here, which are briefly discussed in Appendix B.
An accurate determination of ρ is extremely interest-
ing from a physics point of view (see Sec. V), however
the precision that can be obtained depends both on the
sensitivity of the correlation coefficient to ρ and the un-
certainty on the remaining theory input. In both cases,
so-called isospin T = 1/2 mirror β decays are a prime
candidate [10, 11].
It is important to note, however, that the notation in
Eq. (36) can be somewhat deceiving. The reason for the
separation of MF into M0F and isospin breaking correc-
tions is because CVC and isospin symmetry allow for a
certain determination of M0F , with the former addition-
7ally guaranteeing that no additional corrections appear
beyond the impulse approximation result. The leading
Gamow-Teller form factor, however, is very different. Not
only is M0GT not determined by any symmetry, the ab-
sence of the conservation of the axial current means ad-
ditional contributions beyond the impulse approximation
result necessarily enter, traditionally denoted by core-
polarization and meson-eschange effects. Phenomenolog-
ically, this is often obfuscated by a so-called quenching
factor to the axial vector coupling constant [44, 57, 58].
As ab initio calculations ramp up their capabilities in
this regard [59], however, using more sophisticated ways
of solving the N -body Schro¨dinger equation, a more cor-
rect way of presenting ρ would be
ρ ≈ g
QCD
A FGT (0)
gVM0F
[
1 + ∆AR −∆VR
1 + δVNS − δVC
]1/2
(37)
where gQCDA is the renormalized value solely due to strong
interaction effects, and FGT (0) is the normalized nuclear
response to a nucleonic Gamow-Teller operator near zero
momentum transfer. If gA is instead taken from an ex-
perimental measurement in the neutron
gnA = g
QCD
A
[
1 + n∆AR − n∆VR
]1/2
, (38)
a partial cancellation occurs with the inner radiative cor-
rections to the mirror Gamow-Teller transition, which
are recently found to contain transition-dependent terms
[35, 49]. Note that all of these effects require and in
part originate from an internally consistent set of defini-
tions used both in experimental extraction and theoret-
ical analysis [35]. With the isospin-breaking corrections
being an 0.2% to 1% effect [11], and differences between
∆AR and ∆
V
R on the 10
−3 level [35, 49], such differences
become relevant in the neutron and low-mass systems.
A. Cancellation for precision
Looking at Eqs. (17) and (26) there is a potential
for cancellation between the two main terms for a mixed
decay. In particular, when
ρ2 ≈
{
∓ρ√2/3S−11 (Aβ)
3 (aβν)
(39)
significant cancellation occurs. This is interesting since
typically the values of correlation coefficients are very
sensitive to the value of ρ near such a turnover point.
For J → J transitions like nuclear mirrors, (S1)−1 =√
6J(J + 1) (see Appendix B). The neutron, for exam-
ple, has ρ = gA
√
3 and both Aβ and aβν are close to
cancellation, since (S1)−1 = 3/
√
2. In this case, one finds
δA/A ≈ 4.0δρ/ρ and δa/a ≈ 3.6δρ/ρ. This results in an
enhancement factor on ρ of a factor 4, which is of partic-
ular interest for Vud and CKM unitarity tests discussed
in Sec. V. Table I shows the enhancement factor for all
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Figure 2. (Top) Calculated sensitivities to δρ/ρ from δa/a.
The sensitivity is symmetric w.r.t. ρ and spin-independent.
(Bottom) Calculated sensitivities to δρ/ρ from δA/A for
β−, J = 1/2 (blue), β+, J = 1/2 (orange), β+, J = 3/2
(green), β+, J = 5/2 (red).
nuclear mirrors up to mass 19, where advances in nu-
clear ab initio theory are also likely to make significant
progress in the near future [60].
Nucleus n 3H 11C 13N 15O 17F 19Ne
ρ −2.20 −2.10 0.75 0.56 −0.63 −1.28 1.60
J 1/2 1/2 3/2 1/2 1/2 5/2 1/2
δAβ/Aβ 4.0 5.1 0.04 0.04 0.7 −0.06 −12.6
δaβν/aβν 3.6 4.6 −1.2 −0.7 −0.9 −3.6 −13.1
Table I. Calculated sensitivities to δρ/ρ for the lowest mass
mirrors, with approximate ρ values taken from [10] and the
leading order expressions.
As expected from Eq. (39), mirrors with |ρ| ∼ √3
show strong enhancement factors, making them experi-
mentally interesting candidates. From Fig. 2 it is also
clear that for mirrors with spins higher than J = 1/2, the
largest sensitivity to ρ is likely to come from a measure-
ment of the β-ν correlation. A turning point sensitivity
is reached for ρ = 2/3, where δa/a = δρ/ρ.
A clear disadvantage of such a cancellation, however, is
that as leading order effects become small, initially sub-
dominant corrections gain in relative importance. Taking
19Ne as an example, since its leading order β-asymmetry
is about -4% [61], the relative importance of all subdom-
inant corrections is now enlarged by a factor 25, which
puts more stringent constraints on additional theory in-
put.
8B. Remaining theory uncertainty
Regardless of a potential cancellation in any of the co-
efficients, the experimental precision is such that in any
case subdominant effects must be taken into account to
varying degree. These have been summarized in the pre-
vious section, with additional complications due to the
experimental geometry and detection scheme treated in
the following section.
From a theory point of view, the precision bottleneck
lies in the accurate calculation of nuclear matrix ele-
ments, in particular those stemming from induced cur-
rents. Because the β decay occurs within an isospin mul-
tiplet, however, mirrors have a distinct advantage. Due
to the conserved vector current, all vector form factors
can be determined exactly in the limit of isospin symme-
try. The Fermi matrix element,MF , is equal to unity for
T = 1/2, with isospin breaking corrections calculated in
a many-body code (see Eq. (36)) [56]. As mentioned be-
fore, all induced scalar form factors are identically equal
to zero. Further, the invocation of CVC trivializes most
of the additional theory input, as most recoil form factors
are either zero or known to very high precision. This is
the case for the so-called ’weak magnetism’ form factor,
V11 (∼ b(q2) in Holstein’s notation, see Appendix D),
which can be related to the isovector magnetic moment
of initial and final states for T = 1/2 or to the M1 de-
cay width of the corresponding γ transition for T = 1.
Finally, the first-class part of the induced tensor form fac-
tor, A1 (∼ d(q2) in Holstein’s notation, see Appendix D),
is identically equal to zero within an isospin multiplet.
Besides the mixing ratio, ρ, this leaves at least two
more subdominant sources of nuclear structure input,
since axial form factors are not protected by any sym-
metry. In particular, the so-called induced pseudoscalar
coupling, A12 (∼ h(q2) in Holstein’s notation, see Ap-
pendix D), must be calculated by a many-body method
unless it is trivially equal to zero [22, 62]. Higher-order
form factors such as A22 can additionally contribute for
transitions with J ≥ 1, and must be calculated using
many-body methods. From the expressions in the ap-
pendix, one can estimate their influence to be at the few
10−4 level. Finally, there is an induced pseudoscalar con-
tribution proportional to g˜P (see Eq. (11)), which is dis-
cussed to some depth in Ref. [22] and the appendix, and
can also contribute up to the 10−4 level.
IV. EXPERIMENTAL CONDITIONS
Section II contained some foreshadowing and caveats
concerning the validity of the equations presented or the
conclusions taken from it. The formulae written above
correspond to an ideal situation, i.e., a perfect cancella-
tion of all terms but the one of interest, 4pi solid angle,
measurement of the (anti)neutrino rather than the recoil-
ing nucleus, perfect energy measurements, and so on.
An analysis attempting an extraction of the correct
quantity runs into at least three conceptual difficulties
due to experimental conditions: (i) relative rate mea-
surements in an open geometry folds in other observables
and higher-order polarization effects (ii) real photons in
radiative β decay change the kinematics and must be
accounted for (iii) a measurement of a correlation may
not allow for the effective parametrization X˜ (Eq. (5))
[24]. Besides this, several systematic effects emerge re-
lated to detector performance, e.g., through linearity and
efficiency. Finally, measurements not relying on initial
polarization can contain contamination from experimen-
tal residual polarization which may not be known to great
precision.
Additional complication arises because of the experi-
mental scheme and which final states are detected. Even
though any three body decay allows for only two indepen-
dent degrees of freedom, several combinations are typi-
cally used in the literature. Due to the additional rich-
ness it brings, several modern experiments measure, e.g.,
both the β particle and the recoiling nucleus. This opens
up the Dalitz distribution for analysis
dΓ
dWedWf
=
G2F
4pi3
WfWeq
×
{
1 + bF
1
We
+
1
F0
∑
k
F βνk Pk(cos θβν)
}
,
(40)
where all Fk correspond to the modified spectral func-
tions due to radiative corrections, e.g., F0 = f
′
0[1 +
(α/2pi)g], for brevity. The β-ν angle is then simply
cos θβν =
p2f − p2e − q2
2Weq
(41)
where q = W0 − We − Wf is the antineutrino energy
and Wf is the recoil energy (neglecting the real photon
momentum).
The following sections summarize results arising from
higher-order effects and discuss the complications due
to real photons and the detection scheme on Standard
Model comparisons. Following the discussion in Sec. III,
these argument become particularly relevant in the case
of strong cancellations such as several mirror systems.
A. Solid angle
In a typical experiment one measures the difference in
integrated count rates
X =
N↑ −N↓
N↑ +N↓
, (42)
or with some more complicated super-ratio, where N↑(↓)
are integrated count rates either in separate (usually op-
posite w.r.t. the maximum of X) or a single detector and
instead changing, e.g., the polarization direction. As a
9consequence, everything in Eq. (6) besides X also folds
into N , where now the residual effect depends on the
experimental conditions and geometry.
The full decay rate results from an integration over all
remaining variables of Eq. (6)
Γ =
1
(4pi)2
∫ W0
1
dWedΓ0F0
∫ 1
−1
d cos θe
∫ 2pi
0
dφe
×
∫ 1
−1
d cos θν
∫ 2pi
0
dφν D (43)
where the z-axis is along the initial polarization if present
and random otherwise and
D = 1 + bF 1
We
+
1
F0
∑
k≥1
F βνk Pk(cos θβν)
+Gk(Ji)
{
Fσek Pk(cos θe) + F
σν
k Pk(cos θν)
+ Fσ×k Pk(cos θ×)
}
. (44)
In practice, the angular integration limits depend on the
experimental geometry and the energy integration re-
quires a convolution with a calibrated detector response
function, e.g., R(We, E) as the probability of measuring
E for a β particle with real energy We, to find
4
Γexp =
1
(4pi)2
∫ Emax
Emin
dE
∫ W0
1
dWeR(We, E)dΓ0F0
×
∫
Ωexpe
dΩeE(Ωe)
∫
Ωexpν
dΩνE(Ων)D. (45)
where E is the detected energy, E ∈ [Emin, Emax] cor-
responds to the experimental analysis window, Ωexpe,ν is
the effective solid angle for detection of electrons and
(anti)neutrinos and E the detection efficiencies. This in-
tegration is in principle non-trivial and should ideally be
performed numerically unless a high degree of symmetry
exists in the experimental set-up. Additionally, since it
is typically not the (anti)neutrino which is measured but
instead the nuclear recoil, an additional detector response
for its detection function must be introduced analogous
to that of the β particle.
For simplicity, we consider a perfect detector, i.e.,
R(We, E) = δ(We − E) and E(Ω) = 1. If the experi-
mental geometry is symmetric around, e.g., the axis of
initial polarization, Jˆ , we can simply perform the az-
imuthal integration for the β particle and (anti)neutrino,∫
dΩ → 2pi ∫ d cos θ, leaving only the polar angle inte-
gration. Since P1(cos θ×) is odd under φ → φ + pi, the
azimuthal integration resolves to zero.
4 In general the detector response function depends not only on
the particle energy but also, e.g., on its angle of incidence into
the detector face.
Since at this point all further analysis depends on in-
tegration of Legendre polynomials, we introduce the fol-
lowing property∫ 1
x
dx′Pk(x′) =
1− x2
k(k + 1)
dPk(x)
dx
(46)
≡ Ik(x)
for k 6= 0, so that Ik(−1) = 0 for all k, and Ik(0) is 1 for
k odd, and 0 for k even.
1. Fierz cancellation in Aβ
The simplest effects can be shown in a measurement of
the β-asymmetry with a single detector. Let us assume
once more a perfect detector, with the ability to change
the polarization direction externally. Assuming only the
β particle is detected, the integral simplifies significantly,
and only Fσek terms remain,
A↑(↓) = 1+bF 1
We
+
1
F0
∑
k≥1
Gk(Ji)F
σe
k Pk(± cos θe). (47)
The integrated count rates N↑(↓) are then
N↑(↓) =
1
2
∫ Emax
Emin
dEdΓ0F0
∫ 1
x
d cos θeA↑(↓), (48)
where x denotes the polar extent of the detector. Us-
ing Eq. (46), the experimental asymmetry definition, X,
(Eq. (42)) becomes
X =
∫
dEdΓ0F0
∑
k odd Ik(x)
Fσek
F0∫
dEdΓ0F0
[
Q+
∑
k even Ik(x)
Fσek
F0
] , (49)
where Q = (1 − x)(1 + bF /We). It is now interesting to
note that since
Fσe2
F0
≈ p
2
e
We
Rν12S2
{
α02 + α
1
2We
V 20 +A
2
10
}
(50)
using p2e = W
2
e − 1, additional 1/We, We and W 2e ap-
pear. The Fierz term in the denominator of Eq. (49)
consequently gets modified to
1
We
(
bF −G2(1 + x)xRν12S2 α
0
2
V 20 +A
2
10
)
. (51)
If an integrated measurement is performed, also the ef-
fects of additional G2We and G2W
2
e interfere. Even in
the case of a differential measurement, since 1/We ≈
2−We contributions from an additional G2We may not
be experimentally distinguishable. Assuming perfect po-
larization, i.e. 〈M2i 〉 = J2i , then G2 = (2 − J−1i )/3. Re-
membering that α02 ∼ O(10−2), cancellations on the level
of 10−3 to 10−4 can occur for systems with Ji ≥ 1. This
lies in the expected sensitivity range of modern experi-
ments.
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2. Coincidence coupling
For most other correlations one typically measures the
nuclear recoil in coincidence either with the emitted β
particle or a subsequent nuclear γ decay. Even in the
case where no energy measurement is made of the β par-
ticle or γ, the acceptance solid angle of the secondary
particle couples all other angular correlations besides the
intended one, either through, e.g., the β-ν correlation or
β-γ correlation, respectively. We follow the approach by
Gluck [63].
When detecting the recoiling nucleus rather than the
(anti)neutrino, we use the following identity in the center
of mass frame∫
dφν~pf · Jˆ = −
∫
dφν(~pe + ~pν) · Jˆ
= −2pi(Wν cos θν + βWe cos θe) (52)
to perform the integration of Eq. (43). The latter then
depends on the signs of Eq. (52) and cos θe, leading to
four different electron spectra and integrated rates. An-
alytical formulae for k = 1 can be found, e.g., in Ref.
[63, 64]. We can extend the results to higher orders of k
using the same techniques. For example, for k = 2 the
additional terms are
Q++[r < 1] = Q
1
++[r < 1]−
fβν2
16f0
(
r + r3
)
+G2
{(
2r − r2
8
)
fσν2
f0
− r
8
fσe2
f0
}
, (53)
Q++[r > 1] = Q
1
++[r > 1]−
fβν2
16f0
(
1− 1
r2
)
+G2
{
1
4r
fσν2
f0
+
(
1− 2r2
8r3
)
fσe2
f0
}
, (54)
where r = pe/Wν and Q
1
++ are, e.g., Eqs. (3.14) and
(3.15) in Ref. [64] with the appropriate substitutions,
and (++) denotes both the β particle and recoil going
along the positive symmetry axis. We have calculated
the additional terms in the infinite nuclear mass approx-
imation, with corrections due to recoil and radiative cor-
rections reported in Ref. [63]. The results assume perfect
detection efficiency in the positive hemi-sphere, but cus-
tom results can trivially be obtained. Note that since
fβν2 contains purely kinematical terms (see Eq. (29)), it
always contributes regardless of the spin change of the
transition. For the neutron, however, it shows up only at
the few 10−5 level [27].
B. Real photons
The regular β decay process is technically al-
ways accompanied by emitted photons, so-called inner
bremsstrahlung or radiative β decay. While the branch-
ing ratio drops off steeply with increasing photon energy,
the presence of the latter changes the kinematics, thereby
turning β decay into a four-body process. While this is
in principle contained in the kinematic radiative correc-
tions discussed in Sec. II B, the analysis leading to these
expressions assumes the photon is either perfectly iden-
tifiable, or not detected at all. Besides measurements
in calorimetric systems, a complication arises, however,
when an experiment aims to measurement a correlation
involving an (anti)neutrino. Taking the β-ν correlation
as an example, the decay rate of Eq. (6) specifies a cor-
relation for Pk(cos θβν), where
cos θβν =
~pe · ~pν
|~pe||~pν | . (55)
Experimentally, however, ~pν can typically not be mea-
sured and often one measures instead
cos θexpβν = −
~pe · (~pe + ~pf )
|~pe||~pe + ~pf | , (56)
with ~pf the 3-momentum of the recoiling nucleus. While
these expressions are equivalent for a three-body decay,
it is clear that this is not the case in the presence of an
additional photon. This discrepancy was noted already
a long time ago [52, 54]. As a consequence, however, the
formulae presented in Sec. II B involving an antineutrino
are not appropriate for use in an experimental setting
unless one can additionally measure the photon momen-
tum with great accuracy. Since this is typically not a
feasible option, other expressions must be derived for the
radiative corrections when the emerging recoil is mea-
sured rather than the (anti)neutrino.
A bremsstrahlung photon can arise in regular β de-
cay through three processes: emission from either the
charged lepton, the initial or final hadronic states and
from the weak vertex itself. The latter corresponds to
the emission of a photon by the W boson, which repre-
sents an O(G4F ) process and can therefore be neglected.
Due to the enormous difference in mass between the emit-
ted charged lepton and initial and final hadronic states,
practically all γ emission arises from the charged lepton.
This process is well-known to contain an infrared (IR) di-
vergence [65], which is cancelled by the corresponding IR
divergence in the virtual photon exchange diagram [45],
so that the two processes cannot be calculated separately.
Due to its usefulness in experimental analyses, Glu¨ck
[66] has split up the photon energy integral into a soft
and hard part5, with an interface defined at ω  me.
The integration over soft photons contains the IR diver-
gence, but the very low-energy photons do not apprecia-
bly change the kinematics, i.e. Eqs. (55) and (56) are
quasi-identical. The radiative correction to the angular
5 Not to be confused with the separation introduced by Sirlin [45],
which occurs at a scale between MA and MW to split low-energy
QED processes from electroweak and strong physics at MW .
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correlation term in the Dalitz distribution of Eq. (40)
from the virtual and soft integral can be written as [66]
δaV Sβν ≈ aβν
tanh−1 β
β
(1− β2)p2f
2We(W0 −We) . (57)
The occurrence of hard photons is responsible for a
discrepancy between Eqs. (55) and (56), and the total
decay rate can be written as [53]
ρH =
G2F
64pi6
α
2pi
∫ W0
1
dWe
∫ Eγ
ω
dK
×
∫ ∫ ∫
dΩedΩνdΩγKβWνWe|Mγ |2, (58)
where the matrix element can be written as
|Mγ |2 = fLO0
[
H0(K
µ) + aβνH1(K
µ)
]
(59)
with Kµ the photon four-momentum, fLO0 the leading-
order isotropic spectral function (Eq. (15)) and the ex-
pressions for Hi can be found, e.g., in Refs. [53, 66].
More specifically, H0(K
µ) is a simple scalar and
H0(K
µ) = A, (60a)
H1(K
µ) = ~pe · ~pν B + ~pν · ~K C, (60b)
where A,B and C are scalars depending on kinematics,
and A ∼ B  C.
From an experimental point of view, it is most inter-
esting to note that both H0 and H1 contain collinear
peaks due to the charged particle propagators. Since the
β particle is mainly responsible for the emission of real
photons, it implies that the photon distribution is peaked
along the β particle direction. For 1 We and θβγ  1
the matrix element has the following behavior [53]
K|Mγ |2 ∼ 1
θ2βγ +W
−2
e
, (61)
where θβγ is the angle between the photon and outgoing
lepton in the center of mass frame6.
Figure 3 shows the behavior of H0 as a function of β-
energy and cos θβγ . As expected, a maximum is reached
for nearly-collinear β particle and photon, with an ap-
proximate parabolic behaviour near cos θβγ = 1 as in Eq.
(61). Due to the addition of two extra degrees of free-
dom (cos θβν and cos θνγ), H1 is not as straightforward to
show graphically. The kinematic structure is very similar
to H0, however, as was shown in Sec. II B.
Unfortunately, however, analytical solutions to Eq.
(58) are typically not available when one detects the re-
coiling nucleus. That is because the analytical results ob-
tained by several authors [51, 67–69] calculate the inner
6 While for regular β decay 1  We is often not valid due to the
low energy transfer, the peaking of the photon distribution along
the β momentum arises naturally from Lorentz invariance.
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Figure 3. Behaviour of H0 from Eq. (59) for a fixed photon
energy of 100 keV in a 1 MeV β-transition, as a function of β
energy and cos θβγ .
bremsstrahlung corrections for a constant (anti)neutrino
energy and treat the final nucleus as infinitely massive,
thereby simplifying Eq. (58) substantially. This corre-
sponds to integrating over the photon energy and direc-
tion keeping ~pe and ~pν constant, making Eqs. (60a) and
(60b) straightforward. Those results give rise to Eq. (31),
with the small difference in A and B resulting in the near-
equality of g(W,W0) and h(W,W0) in Eqs. (32) and (33)
(see also Fig. 1). While semianalytical results have been
reported [66], those assume perfect reconstruction of β
particle and recoil energies in a closed 4pi geometry with
perfect detectors. The only way then to take into account
experimental conditions is through a numerical proce-
dure, such as that outlined in Ref. [53, 70], or through
explicit event generation of the additional photon accord-
ing to Eq. (59) [71].
While the above discussion focused on a measurement
of the β-ν correlation, the same argument applies to the
ν-asymmetry, Bν and the β-f correlation. Some pub-
lished results are available for the neutron [54, 72] and
recoil spectra of 6He and 32Ar [73]. Further analysis is
planned for future work.
C. Effective coefficient
Equation (5) introduced an effective correlation coeffi-
cient, X˜, as the way many experiments analyse the sensi-
tivity to exotic scalar or tensor currents through the Fierz
term. When the correlation involves the (anti)neutrino,
however, some caveats once again emerge as one typically
measures the nuclear recoil rather than the antineutrino.
The case that was extensively described in Ref. [24] dis-
cusses the measurement of the β-ν asymmetry through
the measurement of the recoil energy distribution (see
Eq. (40)). Due to the dependence of the β energy on the
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β-ν angle (Eq. (41)), a measurement of only the latter
does not allow for a parametrization of Fierz in terms of
X˜. More generally, Eq. (5) is only valid when a corre-
lation described as XR(We, θ) with R any function, the
observables We and θ are separable, i.e., when measuring
only the angular variable
dΓ
dθ
=
∫
dWeG(θ)H(We)
[
1 + bF
1
We
+XR(We, θ)
]
= CG(θ)
(
1 + bF 〈 1
We
〉
)[
1 + X˜〈R(We, θ)〉We
]
.
(62)
When aβν is determined from the recoil momentum only,
this is not the case as θ and We are coupled through
momentum conservation (Eq. (41)). In that case, a
parametrization like X˜ is not valid, and one has to prop-
erly integrate over the Dalitz distribution of Eq. (40)
according to the experimental geometry to obtain the
correct result. Alternatively, the β energy is determined
and a fit is performed either on the Dalitz distribution,
or on slices of constant β energy [74, 75].
D. Practical difficulties
In any real experiment there’s a potentially large num-
ber of additional practical difficulties, such as detector
non-linearities, detection efficiencies, energy losses out-
side of the active detector area, unresolved polarization
and/or alignment, etc. Regardless of the conceptual
problems posed above, all of these must be overcome in
order to extract meaningful results. Clearly, the precise
occurrence of each of these effects is unique to each ex-
periment. In this section we describe two critical contri-
butions to asymmetry measurements, and demonstrate
their particular advantage compared to, e.g., spectrum
measurements.
As an example, consider an experiment in which the
calibrated energy defines the boundaries of energy bins,
with a β-correlation calculated in each bin according to
Eq. (42). In the case of any physical detector, there
will generally be some remaining systematic difference
between the deposited energy E and the reconstructed
energy , such that
E = +
∑
i=0
ci
i, (63)
where ci are parameters that can be constrained based
on the calibration procedure in place. Clearly, a larger
number of calibration points and good representation
throughout the region of interest will force the different
ci to be smaller. In the following we assume this uncer-
tainty to be sufficiently small, i.e. |(− E)/E|  1, and
neglect losses causing E to be smaller than the initial
energy. We assume a general decay rate
dΓ
dE
= K(E, θ)
[
1 +
bF
E
+ χ(E, θ)
]
, (64)
where θ is some angle and χ switches sign for “up” and
“down” detectors. The measured bin counts are then
N↑ = ∆t
∫
dΩ↑
∫ f(h)
f(l)
dEK(E, θ)
[
1 +
bF
E
+ χ(E, θ)
]
(65)
where ∆t is the measurement time and f is Eq. (63)
for the low and high bin edges l, h, respectively. The
β correlation after performing the angular integration is
then
X(¯) =
N↑ −N↓
N↑ +N↓
=
∫ Eh
El
〈K(E)χ(E)〉ΩdE∫ Eh
El
〈K(E)〉Ω(1 + bF /E)dE
, (66)
where ¯ denotes the bin center, and Eh,l ≡ f(h,l). We
introduce some additional notational simplicity
A(E) = 〈K(E)χ(E)〉Ω (67a)
S(E) = 〈K(E)〉Ω(1 + bF /E) (67b)
to denote the (a)symmetric (numerator) denominator in-
tegrand. We then perform a Taylor expansion of A,S
around El so that
X(¯) =
∑
nA(n)(El)(∆E)n+1/(n+ 1)!∑
n S(n)(El)(∆E)n+1/(n+ 1)!
(68)
with
∆E ≡ Eh − El = h − l +
∑
i=1
ci
[
(Eh)i − (El)i] (69)
and superscript (n) denoting the n-th derivative. The
systematic difference induced by the possible calibration
errors can be then written as
∆X =
∑
n,m
A(n)(El)S(m)(l)(∆E)n+1(∆)m+1−E↔
(n+1)!(m+1)!∑
n,m
S(n)(El)S(m)(l)(∆E)n+1(∆)m+1
(n+1)!(m+1)!
(70)
with ∆ = h − l. Equation (70) is not terribly enlight-
ening, so it is worthwhile to consider some examples.
In the case where χ is energy-independent, is it obvi-
ous from Eqs. (67a) and (67b) that the numerator only
survives for non-zero bF . As a consequence, the observ-
able effect is O (bF {∆E −∆}) and can be neglected.
This is in stark contrast to when one measures only the
spectrum for a Fierz extraction, where a handle on Eq.
(63) is crucial [76]. Taking the β-asymmetry as another
example, we have up to leading order
χ(E, θ) ≈ βALOβ 〈P 〉 cos θe, (71)
with ALOβ as in Eq. (20) and 〈P 〉 the average polariza-
tion. The energy-dependence at this order comes only
from β, so that the effects of calibration uncertainty
are mainly relevant at lower energies, since β(1) → 0
as β → 1. Going beyond leading order, additional en-
ergy dependence shows up coming from induced currents
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(Eq. (17)) and radiative corrections (Eq. (34)). As these
are themselves small corrections of O(10−3), assuming
the calibration to be sufficiently under control, these can
again be neglected.
The situation changes when one takes into account de-
tection efficiencies. This efficiency, typically determined
by scattering effects and the detector threshold, can dif-
fer significantly from unity, particularly near-threshold.
This fact is exacerbated by the typically strong angu-
lar dependence of the efficiency due to, e.g., dead layer
losses and backscattering. As a consequence the angular
integration in Eq. (65) should be replaced∫
dΩ
∫
dE →
∫ ∫
dΩ dE E(E,Ω) (72)
leading to corresponding changes in Eqs. (67a) and
(67b). Due to the different angular weighting of the
(a)symmetric distributions, efficiency differences show up
to first order when using X as in Eq. (42). If one for-
mulates the measurement in terms of a ratio of rates for
two different spin states for a single detector or a ”super-
ratio” of two or more detectors arranged with the appro-
priate spin dependence, however, one expects first order
cancellation for constant efficiency factors shared by both
isotropic and cos θ-weighted distributions. Relative cor-
rections for the isotropic to angular distributions (due
to, e.g., backscattering effects) do not cancel, however.
As with calibration errors, these appear in the measured
asymmetry at the level of the difference in these efficien-
cies and energy dependent effects for isotropic vs. cos θ-
weighted decays, and the differences in the integrals over
energy (which vanish as β → 1).
Given that all effects for calibration errors and effi-
ciency differences smoothly scale with the energy, these
also scale with the bin-size. As a consequence, effects can
be minimized by preparing super-ratios with the small-
est reasonable bin-sizes. The generic suppression of sen-
sitivity to calibration errors and detection efficiencies in
asymmetry measurements are significant advantages for
their use in placing direct limits on BSM contributions
to β decay7.
V. NEW PHYSICS SENSITIVITY
As already mentioned in the introduction, precision
measurements of correlation coefficients in (nuclear) β
decay are an attractive option for new physics searches
both from a theory and experimental point of view due
to their relative nature. The latter allows for a cancella-
tion of many systematic uncertainties in an experimental
7 This advantage provided significant motivation for early work
on the PERKEO experiment [77, 78] and the 19Ne β asymmetry
measurement [61].
setting, and theoretically it is often easier to reliably esti-
mate ratios of matrix elements than their absolute mag-
nitude. As a consequence, the reach for these measure-
ments can be fairly broad. We focus here on two possible
cases, namely the search for exotic currents through the
appearance of a Fierz term, and Vud determinations for
certain mirror systems and CKM unitarity.
A. Vud and CKM unitarity
Common to all semileptonic β decays, the decay rate is
determined at the coupling level by the following product
Γsemi−l ∝ G2F V 2ud g2V (1 + ∆R)F (73)
where GF is the Fermi coupling constant, Vud is the up-
down quark mixing matrix element, g2V (1 + ∆R) is the
renormalized vector coupling constant and where F takes
into account additional transition-specific information.
If all other information can be either experimentally or
theoretically sufficiently determined, a measurement of
the lifetime in semileptonic systems gives access to |Vud|.
The β-decay of the muon is theoretically extremely clean,
which allows one to calculate both Fµ and ∆µR very accu-
rately. The latter is lumped together with GF to define
the traditional Fermi coupling constant which is experi-
mentally found to be GF = 1.1663788(7)× 10−5 GeV−2
[79]. In neutron or nuclear systems then, the conserved
vector current hypothesis sets gV = 1 up to higher-order
corrections [36], and one needs to calculate only that part
of ∆R which is unique to nuclei [3, 80]. Finally, in the nu-
clear sector F can be calculated to high precision in two
different cases: (i) superallowed 0+ → 0+ Fermi decays
[81], and (ii) T = 1/2 mirror decays [10, 11]. In both
cases the Fermi matrix element is dictated by isospin
symmetry and one finds M0F equal to
√
2 and 1, respec-
tively. The experimental input needed for F in both cases
consists of the half-life of the β transition, the branching
ratio, and the endpoint energy. Because mirror decays
have both non-zero Fermi and Gamow-Teller components
and the latter is not constrained by symmetry, this needs
to additionally be experimentally determined from, e.g.,
the measurement of a β-correlation (see Sec. III).
One can construct a so-called Ft0 value, analogous to
the Ft for superallowed decays [81], which according to
CVC must be equal for all nuclear mirrors [10]
Ft0 ≡ fV t(1 + δR)(1 + δNS − δC)
(
1 + ρ2
fA
fV
)
=
K
g2VG
2
FV
2
ud
1
|M0F |2(1 + ∆VR)
(74)
where K = 8120.278(4) × 10−10 GeV−4 s is a combina-
tion of constants, δi correspond to radiative (R), isospin-
breaking (C) and nuclear structure (NS) corrections, and
fV,A are so-called phase space integrals [22, 35, 82]. The
first line shows all transition-specific factors, while the
second line consists only of common constants.
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Figure 4. Summary of current status and the influence of the-
ory changes on the mirror |Vud| extraction compared to the
superallowed 0+ → 0+ data set and the neutron. The blue ar-
row signifies the shift in |Vud|mirror due to the change in ∆VR
[83], while the red arrow signifies the shift due to updated
fA/fV values [35], which is also shown in grey for individual
results. The uncertainty in 19Ne is significantly smaller be-
cause of the reduced theory uncertainty from fA/fV results
[35].
Because of strong cancellations in some mirror transi-
tions such as the neutron and 19Ne, great sensitivity can
be obtained for a determination of ρ from a β correlation
coefficient. Following a reduction in uncertainty and re-
moval of double counting in fA/fV calculations [35], pre-
cise measurements of mirror transitions can shed light
both on the shift in inner radiative corrections through-
out the lower mass region, and be competitive in setting
constraints on CKM unitarity,
∆CKM = |Vud|2 + |Vus|2 + |Vub|2 − 1. (75)
Figure 4 shows the current status and summary of
changes in the past years for the |Vud| extraction from
nuclear mirrors and its comparison to the neutron and
superallowed decays [81, 83]. Recently, renewed atten-
tion has been devoted to the calculation of the inner ra-
diative correction [46, 49], with a significant shift in its
central value since its last evaluation in 2006 [84]. While
this shift is consequential for the superallowed decays and
to an extent the neutron, the results of the mirror decays
are most significantly impacted by change in fA/fV val-
ues [35, 47]. Because of the reduced uncertainty on the
latter, the new experimental measurement of ρ for 19Ne
[85] is significantly lower and dominated by experiment
[47].
In addition to unitarity tests, the required internal con-
sistency of the Ft0 values in mirror and super-allowed de-
cays provides a number of paths to very clean constraints
for new physics, some of which can evade the precision
limits imposed by the vertex corrections. Examples in-
clude the Marciano’s axial coupling relationship for the
neutron [86], a neutron lifetime consistency test [87], the
ratio of |Vud| values extracted from the neutron and the
superallowed decays articulated by [88].
B. Exotic currents
Traditionally the search for exotic currents in low en-
ergy nuclear β experiments have been interpreted in
terms of the Lee-Yang Hamiltonian [89]. The past decade
has seen tremendous progress in the development of ef-
fective field theories at the quark level, which allows one
to directly compare obtained limits to LHC constraints
if the new physics lies above the LHC energy scale. Ne-
glecting right-handed neutrinos and writing only linear
BSM couplings, one can write [14, 90]
Leff = −GF V˜ud√
2
{
e¯γµ(1− γ5)νe · u¯γµ[1− (1− 2R)γ5]d
+ S e¯(1− γ5)νe · u¯d− P e¯(1− γ5)νe · u¯γ5d
+ T e¯σµν(1− γ5)νe · u¯σµν(1− γ5)d
}
+ h.c., (76)
with
V˜ud ≈ Vud
(
1 + R + L − δGF
GF
)
(77)
and i are linear BSM effects of order O(M2W /Λ2BSM )
and δGF contains new physics contributions specific to
muon decay. Equation (77) is what causes a deviation
from CKM unitarity at the quark level, i.e. Eq. (75),
which can, e.g., be investigated using the Ft0 values for
mirror and superallowed decays.
From Eq. (76) one can see that the axial coupling con-
stant is renormalized at the quark level, so that a mea-
surement of ρ in different systems cannot reveal some
BSM physics, as one always measures ρ˜ = ρ(1 − 2R).
An exception to this is when the coupling constant can
be calculated to high precision from theory, which is
only feasible for the neutron using lattice QCD (LQCD).
The determination of g˜A from a measurement of ρ˜ =√
3g˜A/gV in the neutron is theoretically a clean channel
for looking for right-handed currents through the com-
parison with LQCD [14, 37]
g˜A = g
LQCD
A [1− 2 Re(R)], (78)
where care must be taken to take into account the dif-
ference in inner radiative corrections between vector and
axial vector parts [35]. The constraints from Eq. (78)
are currently limited by the uncertainty on LQCD re-
sults, which vary between 1% and 4% [18, 37].
We note in passing that while both the older [61] and
newer [85] measurements of Aβ in
19Ne allow for a non-
zero induced tensor component - a so-called Second-Class
Current (SCC), see App. B - through a two-parameter
fit of the slope in Aβ , their findings are of opposite sign
and the modern result is not statistically significant (1σ).
An SCC would additionally show up as a difference in λ
extracted from aβν and Aβ in the neutron [91]. While
there is currently some tension between the results of
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PERKEO III [7] and aSPECT [8], a simplified analysis
shows that SCC effects would need to be about three
times larger than that expected from weak magnetism
and result in a significantly higher value of λ ≈ 1.288 for
both to agree. The latter would be in strong violation of
CKM unitarity and the additional data sets as in, e.g.,
Fig. 4 and point to the presence of right-handed currents
from Eq. (78) when using [37] at face value. We conclude
that at this time there is no strong evidence for SCCs.
Finally, we show a simple analysis demonstrating the
physics reach of mirror decays in the search for scalar
and tensor currents. Several experimental programs are
currently underway to measure or constrain bF to a few
parts in 103 using either the β-asymmetry or β-ν corre-
lation, predominantly in the neutron [14]. Here we make
use of the fact that the Fierz term changes sign for β±
decay as in Eq. (2) to compare the Ft0 values of the
neutron and 19Ne and obtain competitive limits.
By turning on BSM physics, Eq. (74) is modified ac-
cording to
Ft0 = fV t (1 + δ′r)
(
1 + δVNS − δVC
)(
1 +
fA
fV
ρ˜2
)
=
K
g2VG
2
F |VudM0F |2
(
1 + ∆VR
)
× 1[
1 + 2L + 2R − 2 δGFGF + bF 〈W−1〉
] , (79)
where all BSM physics is contained in the last line and
the Fierz contribution is transition-dependent due to the
endpoint-dependence on 〈W−1〉. As a consequence, a
ratio of Ft0 values for the neutron and 19Ne maintains
sensitivity only to the Fierz term, but all other common
theoretical inputs cancel. The change in sign in bF en-
hances its sensitivity.
While Eq. (79) is correct, there is an additional sub-
tlety involved when using experimental input for ρ˜. As an
example, we discuss its extraction from the β-asymmetry.
As mentioned in Eq. (5), the presence of a non-zero
Fierz term serves to dilute experimentally observed β-
asymmetry
Aexpβ =
ASMβ
1 + bF 〈W−1〉exp (80)
where the “exp” superscript serves as a reminder that the
average is calculated over the experimentally analysed
range rather than the full spectrum. Our measured ratio
of Ft0 values must therefore be modified (where we use
the subscript “m” now for measured values):
Ft0,m ≡ Ft0
[
1 + fAfV ρ˜
2
m
1 + fAfV ρ˜
2
]
≈ Ft0
[
1 + 2
ρ˜
1 + ρ˜2
dρ˜
dbF
bF
]
=
K
g2VG
2
F |VudM0F |2
(
1 + ∆VR
)
×
[
1− 2 ρ˜
1 + ρ˜2
AβbF 〈W−1〉exp dρ˜
dA
]
[
1 + 2L + 2R − 2 δGFGF + bF 〈W−1〉
] , (81)
where we take fA/fV ≈ 1 and up to linear order in BSM
couplings ρ˜bF = ρ˜mbF . The ratio of Ft0 values for 19Ne
and the neutron can then be written as
Rm ≡ Ft0,
19Ne
Ft0,n
=
1 + bnF
[
〈W−1〉+ 2 ρ˜
1 + ρ˜2
dρ˜
dA
ASMβ 〈W−1〉exp
]
n
1 + b19F
[
〈W−1〉+ 2 ρ˜
1 + ρ˜2
dρ˜
dA
ASMβ 〈W−1〉exp
]
19Ne
.
(82)
Using the recent measurements of Aβ for the neutron
[6, 7, 92] and 19Ne [85] as numerical input and evaluating
bF using Eq. (2) with the latest lattice charges, we find
8
Rm = 1 + (−5.2T + 0.33S)(0.65 + 0.23)
1− (−4.5T + 0.54S)(0.39− 0.04)
≈ 1− 6.1T + 0.49S . (83)
If we use values for 19Ne of Ft0,19 = 6142(17) and the
neutron of Ft0,n = 6155.6(65) [85], their ratio is R =
0.9978(29), where the uncertainty is dominated by that
of the 19Ne Ft0 value, which it itself dominated by that
on ρ˜. Using a value of S = 1.4(2.0)× 10−3 from Hardy
and Towner [81], we determine T = 4.8(7.3)×10−4 (90%
C.L.). The resulting limit for the BSM energy scale for an
exotic tensor coupling at the 90% (C.L.) is ΛT > 5.1 TeV.
Using instead the full neutron decay data set, we get
Ft0 = 6151(10), which yields a ratio R = 0.9990(31).
This ratio agrees with the value determined using beta
asymmetry measurements only and reduces the lower
limit of the energy scale by 5% due to the increased uncer-
tainty in ρ˜m,n. If the uncertainty due to
19Ne is brought
to the same level as that of the neutron (an improvement
of a factor 2.5) through an improved measurement of ρ˜,
the tensor scale becomes ΛT > 7.2 TeV.
8 We evaluate bF at ρ˜m and neglect the details of the energy depen-
dence of the Fierz term in the one parameter fit to the asymme-
try. These introduce a systematic error in our extracted value of
T less than about 4% for the neutron and
19Ne for |bF | < 0.01.
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VI. CONCLUSION
Measurements of correlations in (nuclear) β decay have
continuously been a central pillar in the exploration of
the low energy electroweak sector of the Standard Model,
and modern experiments are entering a regime where ad-
ditional theory corrections become relevant. We have
compiled here a comprehensive summary of theory input
with a special focus on the β-asymmetry (Aβ) and β-ν
correlation (aβν). In particular, we have reviewed the
kinematic and nuclear structure effects, including those
of higher order in the relevant angle and electroweak ra-
diative corrections. We have taken another look at the
mirror T = 1/2 systems for their experimental interest
and theoretical simplifications.
A significant portion of this work discussed effects spe-
cific to an experimental setting, in particular because
many higher order effects at the limit of current exper-
imental precision are dependent upon the experimental
geometry and detection mechanisms. Depending on the
system, neglecting one or more of these effects can, e.g.,
mask or reduce sensitivity to a Fierz term, and skew re-
sults away from Standard Model expectations even in
the absence of new physics. We have provided a num-
ber of examples, both conceptual and practical, of when
these occur in a simplified detector description along with
more general results, so that they may be understood
and employed in more complex geometries and detection
schemes.
Finally, we have shown how the input from β-
correlation measurements feeds into tests for new physics
in the electroweak sector. This was done with a par-
ticular focus on mirror decays, which have a number of
pleasant features which make them prime candidates for
high-impact measurements. Together with the neutron,
these have undergone steady progress over the last decade
and have the potential to become as precise as the super-
allowed data set, with different systematic uncertainties.
Additionally, we have shown in a simplified analysis that
by using only the neutron and 19Ne a sensitivity on new
tensor couplings lies above 5.8 TeV (90% C.L.), with the
potential to lift it above 8 TeV through an improvement
of only the mixing ratio for 19Ne. Given the subtleties at
this level of scrutiny, it is to the benefit of experiments
to use a comprehensive formalism.
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Appendix A: Notation and conventions
In the entirety of the manuscript we use units suitable
to β decay, i.e.
~ = c = me = 1. (A1)
As a consequence, typical β energies are of order unity,
the nuclear radius R ∼ 0.003A1/3 and nuclear mass M ∼
A× 1830.
We mostly follow the definitions of the form factors
according to the Behrens-Bu¨hring formalism, as can be
found in the original works [31] and Ref. [22]. For nota-
tional simplicity, however, define the following shorthand
notations
V FKLs(q
2)→
{
VK s = 0 (time)
VKL s = 1 (space)
(A2)
and analogously for the axial vector form factors. In the
Behrens-Bu¨hring formalism one usually performs an ex-
pansion of the form factors in terms of (qR), where the
different coefficients are denoted by F
(n)
KLs, with n the as-
sociated power of (qR). In β decay one has (qR) 1, so
that one is only concerned with n = 0 for all form factors
and n = 1 for the dominant form factors. As such, we
will leave out this additional index and denote the n = 1
component with a prime. Finally, the form factors in
the Behrens-Bu¨hring formalism are typically encountered
with a convolution with (parts of) the leptonic spherical
wave expansion9. This results in a further complication
of notation, e.g., F
(n)
KLs(ρ, k,m, n). In the case of allowed
decays, ratios of such form factors can be calculated as-
suming CVC which are then evaluated directly. While
such results are included in the full calculation, we do
not need to introduce additional notation.
Our sign conventions, however, are slightly different
from those of the Behrens-Bu¨hring results. Our met-
ric and γ matrices follow the convention by Bjorken and
Drell [93] when specified. We take the first-class ax-
ial form factors to switch sign for β+/EC rather than
their impulse approximation expressions (gA → −gA) as
is done in Refs. [31, 62].
Appendix B: Coefficients and form factor
decomposition
Here we report on the energy-independent factors oc-
curring in the spectral functions as described in Sec. II,
and comment on the impulse approximation and conse-
quences for, e.g., second-class current searches.
9 This is discussed as the convolutional finite size correction in
Ref. [22].
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1. Spectral functions
This is a reproduction of the coefficients of the shape
factor in Ref. [22] entering the formulae above, with a
small caveat related to the inner radiative correction to
gA.
The vector coefficients, V Ci, are as follows
V C0 = −233
630
(αZ)2 − 1
5
(W0R)
2 ∓ 6
35
αZW0R, (B1a)
V C1 = ∓13
35
αZR+
4
15
W0R
2, (B1b)
V C−1 =
2
15
W0R
2 ± 1
70
αZR, (B1c)
V C2 = − 4
15
R2 (B1d)
where the upper (lower) sign corresponds to β− (β+)
decay, while the modified axial vector coefficients are
AC0 = −1
5
(W0R)
2 +
4
9
R2
(
1− Λ
20
)
+
1
3
√
3
W0
A10
R(∓2
√
2V11 + 2A1)
± 2
35
αZW0R(1− Λ)− 233
630
(αZ)2
+ Φ
[
± 2
25
αZW0R+
51
250
(αZ)2
]
, (B2a)
AC1 =
4
√
2
3
√
3
R
V1
A10
+
4
9
W0R
2
(
1− Λ
10
)
∓ 4
7
αZR
(
1− Λ
10
)
± Φ
[
2
25
αZR
]
, (B2b)
AC−1 = − 1
3
√
3
R
A10
(±2
√
2V1 + 2A1)− 2
45
W0R
2(1− Λ)
∓ αZR
70
+ Φ
[
−2
3
W0R
2 ± 26
25
αZR
]
, (B2c)
AC2 = −4
9
R2
(
1− Λ
10
)
, (B2d)
where
Φ =
g˜P
gA
1
(2MNR)2
∼ O(−0.1) (B3)
denotes explicitly the induced pseudoscalar contribution
as in Ref. [22]. Equations B2a-(B2d) use the notation we
have defined in Appendix A, while the results of Ref. [22]
are written using Holstein’s form factors. The translation
is discussed in Appendix D. We have left out the effects of
the induced Coulomb recoil corrections (i.e. O(αZ/MR)
terms) to AC0, which serve to renormalize the axial vec-
tor form factor as discussed in Ref. [35, 47].
The subleading terms to the β correlations discussed in
the main text use a combination of the preceding ones to
provide the full description. For the β-asymmetry (Eqs.
(17) and (23)), these are
α01 = Γ11A
2
10
AC0 ± 6−1/2V0A10(AC0 + V C0)
± W0
2M
(
Γ11A
2
10 ±
√
2
3
V0A10
)
(B4a)
α11 = Γ11A
2
10
AC1 ± 6−1/2V0A10(AC1 + V C1)
+
√
2R
3
η12
Λ1
[
Γ11A
2
10∆∓ 6−1/2V0A10∆
−
√
5Γ12A10
(
V21 +
1
3
W0R(V22 +A22)
)]
∓ 5
2M
(
Γ11A
2
10 ±
7
5
√
2
3
V0A10
)
(B4b)
α21 = Γ11A
2
10
AC2 ± 6−1/2V0A10(AC2 + V C2). (B4c)
Note that for each αi the first line(s) contain finite size
and dynamical recoil order corrections, while the last line
originates from kinematical recoil corrections, discussed
in Appendix C. Additionally, we define
∆ =−
√
2
3
A11
A10
±
√
1
3
V11
A10
+
W0R
9
A12
A10
+
2
√
2
15
W0R. (B5)
The spin-coupling coefficients are written in terms of
the Γij factors, with S1 = Γ11(1). These follow the defi-
nitions by Weidenmu¨ller and later Behrens and Bu¨hring
and are given by
Γ11(1) =
 {6J(J + 1)}
−1/2 J → J
−{J/6(J + 1)}1/2 J → J + 1
{(J + 1)/6J}1/2 J → J − 1
(B6)
and
Γ12(1) =

−
{
(2J − 1)(2J + 3)
30J(J + 1)
}1/2
J → J
−{(J + 2)/10(J + 1)}1/2 J → J + 1
−{(J − 1)/10J}1/2 J → J − 1
.
(B7)
Similarly, we can write down the coefficients for the
β − ν correlation functions (Eqs. (26) and (29)). The
18
k = 1 terms are as follows
α˜01 = V
2
0
V C0 − 1
3
A210
AC0 − 4
√
2
9
W0RA
2
10∆
′
+
2
3
W0
M
A210 (B8a)
α˜11 = V
2
0
V C1 − 1
3
A210
AC1 − 2
√
2
15
η12
Λ1
W0R
2V 20
− 4
√
2
9
RA210
(
η12
Λ1
∆′′ −∆′
)
+
4
M
A210 (B8b)
α˜21 = V
2
0
V C2 − 1
3
A210
AC2 +
2
√
2
15
η12
Λ1
W0R
2V 20 (B8c)
where again the last line is a consequence of the kinematic
recoil corrections, and
∆′ =
√
2
3
A1
A10
±
√
1
3
V11
A10
− 1
5
W0R
A12
A10
∓ 1
3
αZ
{
18
√
2
35
+
1
3
A12
A10
}
(B9a)
∆′′ =
√
2
3
A1 ∓
√
1
3
V11
A10
− 1
9
W0R
{
6
√
2
5
+
A21
A10
}
.
(B9b)
Finally, the k = 2 terms are then
α˜02 =
4
45
ν12RW0 − 2
MAR
(
V 20 −
1
3
A210
)
(B10a)
α˜12 =
4
45
ν12RWe, (B10b)
where ν12 is a Coulomb function ofO(1+(αZ)2) as before
[42].
2. Impulse approximation and second-class
currents
For an experimental analysis to discern new physics
phenomena from Standard Model input, one needs a way
of translating form factors into nuclear matrix elements,
in particular for those which are not related by CVC. The
usual approach follows the so-called impulse approxima-
tion, whereby the nuclear current is approximated as a
coherent sum of individual, non-interacting, nucleon cur-
rents. This couples nicely with usual methods of com-
putation consisting of some form of Slater determinants
of single-particle wave functions. In practice, this trans-
lation is often done by performing a Foldy-Wouthuysen
transformation [94]. Some care is required here, how-
ever, due to presence of second-class currents [95]. The
latter has an opposite transformation under G-parity (i.e.
G = CeipiI2 [96]) compared to the main currents, so that
V F → V F I ± V F II
AF → ±AF I + AF II (B11)
for β− (β+), and where I (II) stands for first (second)
class currents. While Eq. (B11) is general, the exact de-
composition depends on the methods used and the frame
in which the decomposition is performed. The following
is a subset of the relevant form factors in impulse approx-
imation in the Behrens-Bu¨hring formalism, performed in
the Breit frame (see Appendix C), translated from Ref.
[62]
V0 = gVMF
(
1± g˜S
2MN
∆C
)
(B12a)
A10 = −gAMGT
(
1∓ g˜T
2MN
∆C
)
(B12b)
A1 = gAM1 ∓
√
3
g˜T
2MNR
MGT (B12c)
V11 = gVM11 +
√
6
g˜M
2MNR
MGT (B12d)
where the matrix elements are those defined in Ref. [62]
with the same notation as in App. A10, and
∆C = W0 ± 6
5
αZ
R
(B13)
is the difference between the endpoint and Coulomb dis-
placement energy. For β+ mirror transitions, ∆C is fairly
close to zero, resulting in a decreased sensitivity.
The search for second-class currents in β decay has a
storied history [97, 98], with initial experiments showing
strong effects. The A = 12 isospin triplet system in par-
ticular has been an intense avenue of study through, e.g.,
a comparison of Ft values. Additional complications due
to nuclear structure make this comparison more complex
than it appears at first sight, and subsequent experiments
have found no strong evidence in favour of second-class
currents. This remains the case in the study of the β-
asymmetry in 19Ne [61, 85], which was identified as a
more robust case through a measurement of the energy
dependence of the asymmetry.
When performing the ratio of Ft0 values of the neutron
and 19Ne in Sec. V, there is additionally a contribution
due to second-class currents as evidenced by Eqs. (B12a)-
(B12d). Due to the current constraints on second-class
currents we do not take this into account and instead
focus on scalar and tensor currents.
10 Note that since we defined axial vector form factors to switch
signs for β+/EC, it is the second-class contributions which
change sign in Eqs. (B12a)-(B12d).
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Appendix C: Kinematic recoil in form factor
decomposition methods
In the treatment of any multi-body decay with en-
ergy releases much smaller than at least one of the con-
stituents, small recoil corrections appear, i.e. contribu-
tions of O(q/M) 1, where q is the momentum transfer
during the decay and M in the mass of the decaying par-
ticle. In the case of β decay, the energy released almost
never exceeds 10 MeV, so that q/M ∼ 10−3 at most.
At the current level of experimental precision, however,
these terms are relevant. This fact is exacerbated when
significant cancellations occur in the main matrix ele-
ments, so that these recoil-order effects are significantly
boosted in relative precision (see Sec. III). Following Hol-
stein [98], it is useful to categorize recoil-order terms fol-
lowing their origin
• Kinematical, O(1)× q/M
• Dynamic, O(A)× q/M
• Coulombic, O(αZMR)× q/M
where A is the mass number of the decaying nucleus and
R is the charge radius. Points two and three are con-
tained in the proper description of the transition matrix
element. Here we are mainly concerned with the first,
and show how the effects are treated differently in differ-
ent descriptions of nuclear β decay at this time.
The kinematical recoil order corrections arise in two
different parts of the calculation. The first occurs in
the evaluation of the nuclear current through a choice
of frame. We can most easily show this in the method of
Holstein, by explicitly expanding the product of lepton
and nuclear currents as a set of Lorentz-scalars. In the
case of a pure J → J vector transition, we can write
iM = lµ〈f |Vµ|i〉 = a(q2)P · l
2M
(C1)
where P = pf + pi is the sum of initial and final four-
momenta, and a(q2) is a general form factor. In the rest
frame of the initial state, we can write
Pµ = (2M + ER,−~q) (C2)
where ER is the recoil energy of the final state and
q = pi − pf = p+ k. (C3)
Taking the Hermitian square of Eq. (C1) one arrives at
|M|2 = |a(0)|2
(
l20 + l0
~q ·~l
M
)
(C4)
up to first order in q/M and neglecting ER/M . Using
now the conservation of the lepton current, ∂µlµ = 0, we
find
|M|2 = l20|a(0)|2
(
1 +
W0
M
)
(C5)
where W0 is the energy difference between initial and
final states, and l20|a(0)|2 represents the main transition
amplitude squared.
Moving to the Breit frame now, where ~pi = −~pf we
find
Pµ = (2M +X,~0) (C6)
by construction, and the second term in Eq. (C5) does
not appear. This is of course no problem, since one
should also evaluate the lepton current in this frame. The
multipole decomposition of the leptonic and hadronic
currents is performed following standard methods in the
Breit frame [40, 99]. In the usual multipole decomposi-
tions [31, 41, 100], however, one neglects the difference
between lab frame and Breit frame and considers the ex-
pansion of the nuclear current correct only up to zeroth
order in O(q/M) whether explicitly or implicitly stated.
As a consequence, the results in the usual formalisms
must be corrected through a Lorentz transformation from
the Breit frame to the lab frame. The corrections intro-
duced are different for different spectral functions.
A second contribution to kinematical recoil order cor-
rections comes from the treatment of the energy integral.
Rather than perform the three-body momentum integral,
one sets the recoiling particle momentum to zero and in-
stead introduces an effective correction to the transition
rate
dΓ ∝ |M|2
(
1 +
3We −W0 − 3~pe · kˆ
M
)
(C7)
where kˆ is a unit vector in the direction of the
(anti)neutrino three-momentum. Combining this result
with, e.g., Eq. (C5) one then easily recovers the main
kinematical recoil order corrections for vector transitions.
The term proportional to W0/M cancels with Eq. (C5),
and ~p · kˆ integrates to zero unless combined with similar
terms in |M|2. To lowest order the latter is the β-ν cor-
relation, fβν1 /f0 (aβν). Performing the angular integrals
one obtains finally
VRN ≈ 1 + We
M
(3− aLOβν ). (C8)
In the case of a pure vector transition one has to lowest
order aβν = 1, and one recovers the usual term,
VRN ≈ 1 + 2We
M
. (C9)
Higher-order corrections and similar results for Gamow-
Teller transitions can be found, e.g., in Refs. [22, 39, 101,
102].
Appendix D: Comparison of popular formalisms
When comparing to other formalisms it is important to
once again take note of the fact that the form factor de-
composition is non-unique (e.g. Eq. (12)), meaning that
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the definition of, e.g., ρ (Eq. (36)) is too. Thankfully,
for more complex nuclei typically only two systems are
in widespread use, i.e. the multipole decomposition in
the Breit frame introduced by Stech and Schu¨lke which
is followed here [41, 103], Donelly and Walecka (assum-
ing infinitely heavy nuclei) [100, 104], and others, and
the manifest Lorentz-invariance expansion suitable to al-
lowed decays by Holstein [39]. While in the neutron
several different works exist by a multitude of authors
[25–27, 29], the situation there is simple enough to allow
explicit spinorial calculations.
Since both approaches have been in use for several
decades, compilations of comparisons have already been
reported and we can be brief. The comparison between
the results here using the Behrens-Bu¨hring formalism and
others employing the Breit frame multipole decomposi-
tion is trivial and consists only of simple prefactors. In
particular, that by Donnelly and Walecka [100, 104, 105]
which is now being used by the Jerusalem group [106] can
be found in Ref. [31]. In the notation of the Jerusalem
group, we can write
〈Jf ||CˆJ(q)||Ji〉 = C (qR)
J
(2L+ 1)!!
FJJ0(q
2), (D1a)
〈Jf ||LˆJ(q)||Ji〉 = −C
{
(qR)J−1
(2J − 1)!!
√
J
2J + 1
FJJ−11(q2)
− (qR)
J+1
(2J + 3)!!
√
J + 1
2J + 1
FJJ+11(q
2)
}
,
(D1b)
〈Jf ||MˆJ ||Ji〉 = C (qR
J)
(2J + 1)!!
FJJ1(q
2), (D1c)
〈Jf ||EˆJ ||Ji〉 = −C
{
(qR)J−1
(2J − 1)!!
√
J + 1
2J + 1
FJJ−11(q2)
+
(qR)J+1
(J2 + 3)!!
√
J
2J + 1
FJJ+11(q
2)
}
,
(D1d)
with C =
√
2Ji+1
4pi . Since qR  1 in β-decay, the second
and last expression can be reduced to their first term,
so that there is a one-to-one translation between form
factors. For the leading order J = 0 terms this is par-
ticularly trivial. Note that because the Walecka decom-
position formally occurs with infinitely heavy initial and
final nuclear states - meaning the lab frame coincides with
the Breit frame where such a decomposition is justified
- additional kinematic recoil corrections must included a
posteriori as discussed in Appendix C. These currently
do not appear to be accounted for in Ref. [106].
The translation of Behrens-Bu¨hring form factors to
those of Holstein can also be found in a variety of places
in the literature [31, 39, 62]. Final expressions agree per-
fectly if one takes into account the phase space recoil
correction factor (Eq. (C7)). In the Breit frame one
finds for the leading order terms [31]
V0 = a+
W0
2M
e, (D2a)
V01 =
3
2MR
e, (D2b)
A10 = −
[
c− W0
2M
d− 1
3
h
q2
(2M)2
]
, (D2c)
V11 = −
√
3
2
b
MR
, (D2d)
A1 = −
√
3
2MR
[
d+
W0
2M
h
]
, (D2e)
A12 = −5
√
2
4
h
(MR)2
. (D2f)
When neglecting second-class currents and higher-order
recoil corrections, we can make the simplifications
V0 = a, (D3a)
A10 ≈ −c, (D3b)
A1 ≈
√
3
2MR
d (D3c)
as was done in Ref. [22] and consequently in Eqs. (B2a)-
(B2d). Ref. [85] went a step further to make formulae
easier to read by absorbing prefactors, resulting in defi-
nitions quasi-identical to those of Holstein [39]. Specifi-
cally,
FV0 ≡ V0 = a (D4)
FA0 ≡ A10 ≈ −c (D5)
FVσ ≡MR
√
2
3
V11 = −b (D6)
FAσ ≡
2MR√
3
A1 ≈ −d. (D7)
Since all but FV0 have opposite sign to Holstein’s conven-
tions, commonly quoted values such as b/Ac, d/Ac remain
unchanged.
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